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BLOW UP FOR THE SEMILINEAR WAVE EQUATION IN
SCHWARZSCHILD METRIC
DAVIDE CATANIA AND VLADIMIR GEORGIEV
Abstrat. We study the semilinear wave equation in Shwarzshild
metri (3 + 1 dimensional spaetime). First, we establish that the
problem is loally wellposed in Hσ for any σ > 1; then we prove the
blow up of the solution for every p ∈]1, 1 +√2[ and nonnegative non
trivial initial data.
The work is dediated to prof. Yvonne ChoquetBruhat
in oasion of her 80th year.
1. Introdution
Consider the manifold
M = R×Ω, Ω = {(r, ω) : r > 2M, ω ∈ S2} = (2M,∞)× S2,
equipped with the Shwarzshild metri having the form (see hapter V in
[5℄ or hapter 31 in [22℄):
(1.1) g = F (r) dt2 − F (r)−1 dr2 − r2 dω2.
Here
F (r) = 1− 2M
r
,
the onstant M > 0 has the interpretation of mass and dω2 is the standard
metri on the unit sphere S
2.
The D'Alembert operator assoiated with the metri g is
g =
1
F
(
∂2t −
F
r2
∂r(r
2F )∂r − F
r2
∆S2
)
,
where ∆S2 denotes the standard LaplaeBeltrami operator on S
2.
Our goal is to study the existene of global solution to the orresponding
Cauhy problem for the semilinear wave equation
(1.2) gu = |u|p in [0,∞[×Ω.
This problem an be onsidered as a natural analogue of the lassial
semilinear wave equation
(1.3) g0u = |u|p in [0,∞[×Rn,
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where g0 is the at Minkowski metri
(1.4) g0 = dt
2 − dr2 − r2 dω2.
It is wellknown (see [15℄, [16℄, [11℄, [26℄, [27℄, [28℄, [9℄, [14℄ or the review in
[8℄ for a more omplete list of referenes on the subjet) that for any spae
dimension n > 2, there exists a ritial value p0 = p0(n) > 1 suh that
the Cauhy problem for (1.3) admits a global small data solution provided
p > p0(n).
For subritial values of p 6 p0(n), a blowup phenomenon is manifested.
In the ase of spae dimension n = 3, the ritial exponent is p0(3) = 1+
√
2,
while in the general ase of spae dimension n > 2, the ritial exponent is
dened as the positive solution to
(n− 1)p2 − (n+ 1)p − 2 = 0.
The blow up results in [15℄, [16℄, [11℄, [26℄, [27℄ require a suitable omparison
priniple for the free wave equation. One further remark is onneted with
the fat that the ritial exponent p0(n) is the same for the smaller lass of
radially symmetri solutions.
The dispersive properties of the solution to the linear problem
(1.5) gu = Φ in [0,∞[×Ω
with zero initial data, depend essentially on the distribution of resonanes
for the operator
(1.6) P =
F
r2
∂r(r
2F )∂r +
F
r2
∆S2 .
This problem is studied in [1℄, [25℄ and in [1℄ it is shown that the resolvent
R(z) = (z2−P )−1 an be extended as a meromorphi funtion (as an opera-
tor from C∞0 (Ω) to C
∞(Ω)) from {z ∈ C;ℑz > 0} to C\iR. The result in [25℄
shows that the resolvent an be extended further to a meromorphi funtion
in the whole omplex plane C. The orresponding poles of the resolvent are
alled resonanes and they are isolated and have nite rank. Moreover, there
exists a strip of type
(1.7) {z ∈ C; |ℑz| < ε}
free of resonanes. This phenomena is similar to the situation of the exterior
domain of several onvex obstales, studied in [12℄, where similar domain free
is resonanes is found. The approah in [12℄ leads to exponential deay of
the loal energy with derivative losses. For orresponding result for urved
metris under additional non  trapping ondition one an see [21℄.
Despite of these results it seems ( aording to the knowledge of the au-
thors) that the proof of some onrete dispersive estimates for the wave
equation in Shwarzshild metri meets the essential diulty that there is
no simple expliit representation of the orresponding fundamental solution
to the D'Alambert operator in Shwarzshild metri. Similar diulty is
manifested, when one tries to adapt the approah of F.John from [15℄, [16℄
to the semilinear problem (1.2) and to show blow - up for some subritial
values of p.
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Our main goal in this work is to study the semilinear wave equation in
the presene of Shwarzshild metri and to show a blow - up result for
1 < p < 1 +
√
2.
The rst step is to study the loal (in time) Cauhy problem and to show
the wellposedeness in suitable Sobolev spaes.
Introduing the ReggeWheeler oordinate
(1.8) s(r) = r + 2M log(r − 2M),
we an rewrite equation (1.2) as (see setion 2)
(1.9) ∂2t u− ∂2su−
2F
r(s)
∂su− F
r(s)2
∆S2u = F |u|p,
where
F = F (s) = 1− 2M
r(s)
and r(s) is the funtion inverse to (1.8).
For simpliity (and with no loss of generality), we shall restrit our on-
siderations to the ase of solutions of the form u = u(t, s). Then (1.9) is
simplied to the following equation:
(1.10) ∂2t u− ∂2su−
2F
r(s)
∂su = F |u|p.
Making further the substitution (see setion 2)
u(t, s) =
v(t, s)
r(s)
,
we obtain the semilinear problem
(1.11) ∂2t v +Gv = Fr
1−p|v|p,
where
(1.12) G = −∂2s +
2MF
r3
.
First, we study the loal existene of the solution to the Cauhy problem
(1.13)
{
∂2t v +Gv = Fr
1−p|v|p,
v(0, s) = v0(s), ∂tv(0, s) = v1(s).
Our next result states that the problem is loally wellposed in Hσ for any
σ > 1.
Theorem 1.1. Given any σ > 1 and any real number R > 0, one an nd
T = T (R) so that if the initial data
v0 ∈ Hσ(R), v1 ∈ Hσ−1(R)
satisfy
‖v0‖Hσ(R) + ‖v1‖Hσ−1(R) 6 R,
then the Cauhy problem (1.13) has a unique solution
v(t, s) ∈ C0([0, T [; Hσ(R)) ∩ C1([0, T [; Hσ−1(R)).
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To study the maximal time interval of existene of solutions to the wave
equation in Shwarzshild metri
(1.14)
{
gu = |u|p in [0,∞[×Ω,
u(0) = u0, ut(0) = u1 in Ω,
we suppose that our initial data are radial
u0 = u0(r), u1 = u1(r), (u0, u1) ∈ H2((2M,∞))×H1((2M,∞))
and that there exists a ompat interval B
.
= B(r0, R)
.
= {|r − r0| 6 R} ⊂
(2M,∞), so that
(1.15)


u0(r), u1(r) > 0 almost everywhere,
u0(r) = u1(r) = 0 for |r − r0| > R,∫∞
2M uj(r) dr > ε j = 0, 1
for positive onstants ε, R > 0 and r0 = r0(ε, p) ∈ Ω. We also assume
that r0 is near 2M for p ∈]2, 1 +
√
2[, far from it for p ∈]1, 2[ (we make no
assumption in the ase p = 2).
Now we an state the main result.
Theorem 1.2. For any p, 1 < p < 1+
√
2 there exists a positive number ε0
so that for any ε ∈ (0, ε0) there exists r0 = r0(p, ε) and R = R(p, ε) so that
for any initial data
u0 = u0(r), u1 = u1(r), (u0, u1) ∈ H2((2M,∞)) ×H1((2M,∞))
satisfying (1.15) in B
.
= B(r0, R), there exists a positive number T = T (ε) <
∞ and a solution
u ∈ ∩2k=0Ck([0, T [;H2−k((2M,∞))
of (1.14) suh that
lim
tրT
||u(t)||L2((2M,∞)) =∞.
The above result means that the wave equation in Shwarzshild metri
has a similar ritial exponent as the free wave equation. However, the proof
we follow here suggests that the lifespan of the solution has a ompletely
dierent behavior  it might be muh longer than in the orresponding at
ase ( see lemma 3.2 below).
The main diulty to establish the blow up of the solution is onneted
with the sign hanging properties of the fundamental solution of the linear
wave equation in Shwarzshild metri (or more generally in urved metris).
For the ase of at 1 + 3 Minkowski metri the fundamental solution is non
- negative and this property is used eetively in the study of the blow - up
phenomena for the orresponding semilinear wave equation.
The proof of the main theorem is based on the appliation of a variant of
the lassial Kato's lemma (see lemma 3.1 below) for an average of type∫
R
v(t, s)ψ0(s) ds,(1.16)
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where v is a solution to (1.11) and ψ0 = ϕ0−D > 0, with ϕ0 being a suitable
solution to (
−∂2s +
2MF
r3
)
ϕ0 = 0.(1.17)
In the at ase (i.e. in the ase M = 0), it is trivial that (1.17) has a
bounded solution (all onstants are bounded solutions). However, in the ase
of M > 0, we shall nd a speial solution satisfying the following onditions
at innity:
(1.18)
{ |ϕ0(s)− bs| . log(2 + s) for s > 0,
ϕ0(s) ∼ |s| es /2M if s→ −∞
(see setion 3 for the notations). This dierent asymptoti behavior of the
solution to the ellipti equation Gϕ0 = 0 interats with the fator F in the
right side of equation (1.11).
In this way, we are able to handle the domain near the blak hole and to
show that a suitable modiation of the lassial Kato's lemma works well.
2. Reformulation of the problem and loal existene result.
The D'Alembert operator in the metri (1.1) has the form
(2.1) g =
1
F
∂2t − F∂2r −
2
r
(
1− M
r
)
∂r − 1
r2
∆S2 , F = 1−
2M
r
.
Introduing the ReggeWheeler oordinate
(2.2) s(r) = r + 2M log(r − 2M),
we have the relation
r
r − 2M dr = ds
and the metri (1.1) beomes
(2.3) g = F
(
dt2 − ds2 − Λ(s)2 dω2) ,
where
(2.4) Λ(s) =
r(s)√
F (s)
=
r(s)√
1− 2Mr(s)
and r(s) denotes the funtion inverse to (2.2). Hene the Shwarzshild
metri g is onformal to the metri dt2 − g˜, where g˜ is the following metri
(2.5) g˜ = ds2 + Λ(s)2 dω2
on the ylinder M = R× S2.
The LaplaeBeltrami operator assoiated with the metri g˜ has the form
(2.6) ∆g˜ = ∂
2
s +
2
r
(
1− 3M
r
)
∂s +
1
Λ2(s)
∆S2 .
In the sequel, we shall need the following asymptoti estimates for the
funtions r(s), F (s), Λ(s) (whih follow trivially from (2.2)).
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Lemma 2.1. There exist positive onstants C2 > C1 > 0 suh that the
funtions
r(s), F (s) = 1− 2M
r(s)
, Λ(s) =
r(s)√
F (s)
satisfy the estimates
(2.7)


C1s 6 r(s) 6 C2s if s > 2,
C1 6 r(s) 6 C2 if |s| 6 2,
C1 e
s/2M 6 r(s)− 2M 6 C2 es/2M if s 6 −2;
(2.8)


|F (s)− 1| 6 C2/s if s > 2,
C1 6 F (s) 6 C2 if |s| 6 2,
C1 e
s/2M 6 F (s) 6 C2 e
s/2M
if s 6 −2;
(2.9)


C1s 6 Λ(s) 6 C2s if s > 2,
C1 6 Λ(s) 6 C2 if |s| 6 2,
C1 e
−s/4M 6 Λ(s) 6 C2 e
−s/4M
if s 6 −2.
Further, we have the relations F∂r = ∂s and
∂2s = F∂r(F∂r) =
(
1− 2M
r
)
∂r
((
1− 2M
r
)
∂r
)
=
2M
r2
(
1− 2M
r
)
∂r +
(
1− 2M
r
)2
∂2r ,
and this implies
(2.10) F 2∂2r = ∂
2
s −
2M
r(s)2
∂s.
In this way, from (2.1) we obtain the relation
(2.11) Fg = ∂
2
t − ∂2s −
2F
r(s)
∂s − F
r(s)2
∆S2 = ∂
2
t −∆g˜ −
2M
r2
∂s
and the problem (1.2) takes the form (1.9), i.e.
(2.12) ∂2t u− ∂2su−
2F
r(s)
∂su− F
r(s)2
∆S2u = F |u|p.
Now, we make the hange
(2.13) u = wv,
where
w = w(s)
will be hosen appropriately. We have the relations
∂s(wv) = v∂sw + w∂sv,
∂2s (wv) = v∂
2
sw + 2∂sv∂sw + w∂
2
sv,
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and from (2.12) we obtain the equation
w∂2t v − w∂2sv − 2
(
∂sw +
F
r(s)
w
)
∂sv
−
(
∂2sw +
2F
r(s)
∂sw
)
v − F
r(s)2
w∆S2v
= F |w|p|v|p.
(2.14)
If we want to anel the oeient
∂sw +
F
r(s)
w,
then a simple omputation shows that we have to take
(2.15) w(s) =
1
r(s)
;
moreover, with this hoie, we have
∂2sw =
2F
r(s)2
(
1− 3M
r(s)
)
w.
These alulations enable us to rewrite (2.14) as follows:
∂2t v − ∂2sv +
2MF
r3
v − F
r2
∆S2v = F |w|p−1|v|p.(2.16)
At this point, with no loss of generality, we an restrit our attention to
the lass of solutions of the form v = v(t, s). Then equation (2.16) an be
simplied further to the following one:
(2.17) ∂2t v +Gv = Fr
1−p|v|p,
where
(2.18) G = −∂2s +
2MF
r3
;
therefore, if we set f = f(s) = F (s)r(s)1−p, theorem 1.2 is equivalent to the
following.
Theorem 2.1. Let onsider the Cauhy problem
(2.19)
{
vtt +Gv = f |v|p in [0, T [×R,
v(0, s) = v0(s), vt(0, s) = v1(s) in R,
with initial data (v0, v1) ∈ H2(R) ×H1(R) suh that
(2.20)


v0(s), v1(s) > 0 almost everywhere,
v0(s) = v1(s) = 0 for |s− s0| > R,∫
R
vj(s) ds > ε j = 0, 1
for a positive onstant R and s0 = s0(ε, p) ∈ R so that, for p 6= 2, we have
lim
ε→0
εA|s0(ε, p)| = 0 ∀A > 0
and {
s0 > 0 for p ∈]1, 2[,
s0 < 0 for p ∈]2, 1 +
√
2[.
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Then, for eah p ∈]1, 1 +√2[, there exists a positive number T < ∞ and
a solution
v ∈ ∩2k=0Ck([0, T [; H2−k(R))
of (2.19) suh that
lim
tրT
(‖v(t)‖H2(R) + ‖∂tv(t)‖H1(R) + ‖∂2t v(t)‖L2(R)) =∞.
More preisely, we shall show that
lim
tրT
‖v(t)‖L2(R) =∞
(see setion 3).
It is not diult to see that G is a nonnegative symmetri operator in
the Hilbert spae L2(R, ds) with dense domain H2(R). Thus the estimates
of lemma 2.1, together with the KLMNtheorem (see theorem 10.17 in [24℄),
imply that G is a nonnegative selfadjoint operator.
Indeed, one an onsider the quadrati form
B(h, h) = (∂sh, ∂sh)L2(R,ds) +
∫
R
2MF
r3
|h(s)|2 ds.(2.21)
To apply the KLMNtheorem, it is suient to verify the estimate∫
R
V (s)|h(s)|2 ds 6 a
∫
R
|∂sh(s)|2 ds+ b‖h‖2L2(R,ds)(2.22)
with 0 ≤ a < 1,
V (s) =
2MF (s)
r(s)3
and h ∈ H1(R). This estimate follows from lemma 2.1 with a = 0.
Let onsider the Cauhy problem
(2.23)
{
∂2t v +Gv = Φ,
v(0, s) = v0(s), ∂tv(0, s) = v1(s);
then the solution an be represented in the form
v(t) = cos(t
√
G)v0 +
sin(t
√
G)√
G
v1 +
∫ t
0
sin((t− τ)√G)√
G
Φ(τ)dτ.
From this representation, we nd
‖v(t)‖L2(R,ds) 6 ‖v0‖L2(R,ds) + t‖v1‖L2(R,ds)
+
∫ t
0
|t− τ |‖Φ(τ)‖L2(R,ds) dτ
(2.24)
and for any σ ≥ 1 we have
‖Gσ/2v(t)‖L2(R,ds) 6 ‖Gσ/2v0‖L2(R,ds) + ‖G(σ−1)/2v1‖L2(R,ds)
+
∫ t
0
‖G(σ−1)/2Φ(τ)‖L2(R,ds) dτ ;
(2.25)
thus, using the equivalene
‖Gσ/2h‖L2(R,ds) + ‖h‖L2(R,ds) ∼ ‖h‖Hσ(R),
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we arrive at the energy estimate
‖v(t)‖Hσ(R) 6 C‖v0‖Hσ(R) + C(1 + t)‖v1‖Hσ−1(R)
+ C
∫ t
0
(1 + |t− τ |)‖Φ(τ)‖Hσ−1(R) dτ
(2.26)
for any σ > 1 and a suitable onstant C > 0. From this energy estimate and
the Sobolev embedding H1(R) ⊂ L∞(R), we easily obtain the desired loal
existene result (theorem 1.1).
3. Blow up with small initial data for p ∈]2, 1 +√2[.
We shall suppose
(3.1) 2 < p < 1 +
√
2
and onsider the Cauhy problem
(3.2)
{
vtt +Gv = f |v|p in [0, T [×R,
v(0, s) = v0(s), vt(0, s) = v1(s) in R,
with initial data (v0, v1) ∈ H2(R)×H1(R) suh that
(3.3)


v0(s), v1(s) > 0 almost everywhere,
v0(s) = v1(s) = 0 for |s− s0| > R,∫
R
vj(s) ds > ε j = 0, 1
for a positive onstant ε, R > 0 and s0 ∈ R. We shall hoose suitably
s0 = s0(ε) < 0 in aordane with lemma 3.2.
Theorem 3.1. If p ∈]2, 1+√2[ and the initial data (v0, v1) ∈ H2(R)×H1(R)
satisfy the assumptions (3.3) with
(3.4) s0 = s0(ε) < 0
suh that
(3.5) lim
εց0
εA|s0(ε)| =∞ ∀A > 0,
then there exists a positive number T <∞ and a solution
v ∈ ∩2k=0Ck([0, T [; H2−k(R))
of (2.19) suh that
lim
tրT
(‖v(t)‖H2(R) + ‖∂tv(t)‖H1(R) + ‖∂2t v(t)‖L2(R)) =∞.
As we shall prove in the next setion (lemmas 5.2 and 5.3), there exist
two positive funtions ϕ0 and ϕ1 belonging to C
2(R) with the following
properties:
Gϕ0 = 0,
{
ϕ0(s) ∼ s for s→∞,
ϕ0(s)−D ∼ es/2M for s→ −∞;
(G+ 1/4M2)ϕ1 = 0, ϕ1(s) ∼ es/2M if |s| → ∞,
where D is a positive onstant.
Here and below, we shall use the notation
f(s) ∼ g(s) if s→ ±∞,
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where f(s), g(s) are given funtions, if there exist two positive onstants
C > 1 and N > 0 suh that g(s) 6= 0 for ±s > N and
C−1 <
f(s)
g(s)
< C
for ±s > N.
Similarly,
f(s) ∼ g(s) if |s| → ∞
means
f(s) ∼ g(s) if s→ +∞
and
f(s) ∼ g(s) if s→ −∞.
On the other hand, the notation
f(s) . g(s),
where f(s), g(s) are given funtions, means that there exists a positive on-
stant C suh that
f(s) 6 Cg(s)
for all s.
Let
v ∈ ∩2k=0Ck([0, T [; H2−k(R))
be a solution of (2.19); we set (see [13℄, [14℄)
F0(t) =
∫
R
v(t, s)ψ0(s) ds, F1(t) = e
−t/2M
∫
R
v(t, s)ϕ1(s) ds,(3.6)
where
(3.7) ψ0 = ϕ0 −D > 0.
We have the following relations:
(3.8) ∂2sψ0 −
2MF
r3
ψ0 = D
2MF
r3
,
(3.9) ψ0(s) ∼
{
s for s→∞,
es/2M
for s→ −∞.
Note that the above funtions F0, F1 are welldened (thanks to the as-
sumptions on the initial data) and F0 ∈ C2 due to the assumption
v ∈ ∩2k=0Ck([0, T [; H2−k(R)).
Applying the tehnial lemma 5.4 from the appendix (setion 4), we nd
F1(t) & ε.
We shall use in the sequel the following lassial Kato's lemma (see [18℄).
Lemma 3.1. Suppose that p > 1, a > 1, and (p − 1)a > q − 2. If V ∈
C
2([0, T [) satises
V (t) & (t+R)a,(3.10)
V ′′(t) & (t+R)−qV (t)p(3.11)
for a positive onstant R, then T <∞.
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We shall need the following variant of this lemma.
Lemma 3.2. Suppose that p > 1, a > 1, ε ∈]0, 1[ and
(3.12) (p − 1)a > q − 2.
We assume that V (t) ∈ C2([0, T [) and U(t) ∈ C([0, T [) are nonnegative
funtions that satisfy the following estimates
U(t)p & (t+R)−qV (t)p + εp(t+R)a−2,(3.13)
V (0) & ε, V ′(0) & ε,(3.14)
V ′′(t) & U(t)p − CU(t)(3.15)
for t ∈]0, T [. Suppose further that there exists a positive number δ ∈]0, 1[ and
there exists T1 = T1(ε) < T suh that for any positive A > 0 we have
(3.16) lim
ε→0
εAT1(ε) =∞
and
V ′′(t) & U(t)p − e−δT1 U(t) for t ∈ [0, T1[;(3.17)
then, for any integer N > 1, we have
(3.18) V (t) & (t+R)N for t ∈]T1/2, T1[,
and T <∞.
Proof. Assume that T = ∞. Our goal is to arrive at a ontradition.
Consider the funtion
(3.19) K(x) = xp − Cx,
where C > 0 is the onstant from (3.15). For
(3.20) x > x0
.
= 2C1/(p−1),
we have
(3.21) K(x) & xp.
In a similar way, given T1 > 0, we an onsider the funtion
(3.22) KT1(x) = x
p − e−δT1 x,
where δ > 0 is the onstant from (3.17). For
(3.23) x > x0(T1)
.
= 2e−δT1/(p−1),
we have
(3.24) KT1(x) & x
p.
Note that inequality (3.13) assures that
(3.25) U(t) & ε(t+R)(a−2)/p & ε(T1 +R)
(a−2)/p
for t ∈ [0, T1] if a 6 2, and
(3.26) U(t) & ε(t+R)(a−2)/p & εR(a−2)/p
for t ∈ [0, T1] if a > 2. Now it is lear that hoosing T1 = T1(ε) > 0 so
that (3.16) is satised, we an guarantee the following analogue of inequality
(3.23):
(3.27) U(t) > x0(T1)
.
= 2e−δT1/(p−1) for t ∈ [0, T1].
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Indeed, the lower bound of U(t) is at most polynomially deaying (in T1)
due to (3.25) and (3.26), while x0(T1) deays exponentially.
Sine (3.23) implies (3.24), we onlude that
V ′′(t) & U(t)p > εp(t+R)a−2 for t ∈ [0, T1[,
and integrating this inequality twie, we obtain
(3.28) V (t) & εp(t+R)a, V ′(t) & εp(t+R)a−1 for t ∈]T1/2, T1[.
Now we apply (3.13) and nd
(3.29) U(t)p & (t+R)ap−qεp
2
.
Setting
(3.30) a1 = ap− q + 2, p1 = p2,
we get the following analogue of (3.13):
U(t)p & (t+R)−qV (t)p + εp1(t+R)a1−2.
Note that the assumption a(p− 1) > q − 2 implies
(3.31) a1 > a.
Repeating this argument, we dene the following reurrene sequene:
(3.32) a0 = a, ak+1 = pak − q + 2, pk+1 = p2k
for any k > 0, and obtain
(3.33)
{
U(t)p & (t+R)−qV (t)p + εpk+1(t+R)ak+1−2,
V (t) & εp(t+R)ak+1 .
It is not diult to see that ak tends to innity. In fat, (3.32) implies
(3.34) ak+1 − ak = p(ak − ak−1) > · · · > pk(a1 − a0);
so, from (3.31) and the assumption p > 1, we see that
ak −→∞.
This proves (3.18). We an hoose in partiular k > 1 so that ak+1 > 2 and
x this k. Then estimate (3.33) implies
(3.35) U(T1) > 2x0,
where x0 is the onstant hosen in (3.20). One this inequality is satised,
we an use (3.13), (3.15) and (3.35), and see that
U(t)p & (t+R)−qV (t)p + εp(t+R)a−2,(3.36)
U(T1) > 2x0, V (T1) > 2x0, V
′(T1) > 0,(3.37)
V ′′(t) & U(t)p −CU(t)(3.38)
for t ∈ [T1, 2T1]. Let
T2 = sup{T > T1 ; U(t) > x0, t ∈ [T1, T [}.
One an see that T2 > 2T1. Indeed, for t ∈ [T1, T2[, we have
V ′′(t) & U(t)p;
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hene, using inequality (3.36) and integrating twie in t, we onlude that
(3.33) are fullled for t ∈ [T1, T2[. Thus, at t = T2, we have
U(T2) > 2x0
and this inequality, ombined with the denition of T2, guarantees that T2 >
2T1.
Sine (3.33) are fullled for t ∈ [T1, 2T1], we are ready to obtain the desired
ontradition. To see this, it is suient to note that the ordinary dierential
equation
v′′(t) > vr,
with initial data
v(T1) > 1, v
′(T1) > 0
and 1 < r < p, has a nite lifespan.
This ompletes the proof. 
We want to apply this lemma with V = F0,
U =
(∫
f |v|pψ0 ds
)1/p
,
p and R as stated in theorem 3.1, q = 3(p − 1) and with a = 4− p − ε0 for
eah ε0 > 0. Note that this hoie guarantees that the inequality
(p− 1)a− q + 2 > 0
is equivalent to
p2 − (2− ε0)p − (1 + ε0) > 0
and this, for p > 1, means that
p < 1 +
√
2 +
ε20
4
− ε0
2
;
hene, hoosing ε0 arbitrarily small, we get our result for every
p ∈]2, 1 +
√
2[.
First of all, we observe that the onditions in (3.14) are trivially satised.
Then, in order to prove estimate (3.15), we multiply equation (2.19) by ψ0,
integrate on R and then integrate by parts:
F ′′0 (t) =
∫
R
vtt(t, s)ψ0(s) ds
=
∫ (
vss − 2MF
r(s)3
v
)
ψ0 ds+
∫
f |v|pψ0 ds
=
∫
v
(
ψ′′0 −
2MF
r(s)3
ψ0
)
ds +
∫
f |v|pψ0 ds;
from (3.8), we obtain
F ′′0 (t) =
∫
f |v|pψ0 ds+D
∫
vW (s) ds
= U(t)p +D
∫
vW (s) ds,
(3.39)
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where
W (s) =
2MF
r(s)3
.
Now let note that as r goes from 1 to ∞, s varies in the whole real line.
Moreover, s(r) is stritly inreasing, thus the same holds for r = r(s) and
from (2.7) we have
r = r(s) ∼
{
s if s→∞,
2M + es/(2M) if s→ −∞,(3.40)
whih yields
(3.41) f(s) =
F
r(s)p−1
∼
{
s−(p−1) if s→∞,
es/(2M)
if s→ −∞,
(3.42) W (s) =
2MF
r(s)3
∼
{
s−3 if s→∞,
es/(2M)
if s→ −∞
and in partiular
(3.43) (fψ0)
− 1
p−1W
p
p−1 .
{
(1 + s)−
2(p+1)
p−1
for s > 0
e
s
2M
p−2
p−1
for s < 0
}
. (1 + |s|)−2;
so, from the Hölder's inequality, we get∫
vW > −
∫
|v|W
= −
∫ (
f
1
p |v|ψ
1
p
0
)(
f
− 1
pWψ
− 1
p
0
)
> −U(t)
(∫
(fψ0)
− 1
p−1W
p
p−1
) p−1
p
& −U(t)
and nally
F ′′0 (t) > U(t)
p − CU(t)
for a suitable positive onstant C.
Now we are going to prove estimate (3.13). Let observe that
(3.44) f
− 1
p−1ψ0 .
{
(1 + s)2 for s > 0
e
s
2M
p−2
p−1
for s < 0
}
. (1 + |s|)2;
proeeding as before, we obtain
F1(t) 6 e
−t/2M
∫
R
|v|ϕ1 ds
= e−t/2M
∫
|s−s0|6t+R
(
f
1
p |v|ψ0
1
p
)(
f−
1
pψ0
− 1
pϕ1
)
ds
6 U(t)
(
e−
t
2M
p
p−1
∫
|s−s0|6t+R
f−
1
p−1ψ0
− 1
p−1ϕ1
p
p−1 ds
) p−1
p
,
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where, setting
Ψ = (fψ0)
− 1
p−1 (e−
t
2M ϕ1)
p
p−1 ,
we have
Ψ .
{
(1 + s)
p−2
p−1 e
s−t
2M
p
p−1
for s > 0,
e
s
2M
p−2
p−1 e−
t
2M
p
p−1
for s < 0.
Now we observe that for s→ −∞, Ψ dereases exponentially, while as for
as the behaviour at ∞ is onerned, we subdivide the domain of integration
into two disjoint parts:
D0
.
= {|s− s0| 6 t+R}
=
(
D0 ∩ {s < t− tε′}
)
∪
(
D0 ∩ {s > t− tε′}
)
= Dε
′
1 ∪Dε
′
2 ;
we onsider this partition for every ε′ > 0 suiently small. If s ∈ Dε′1 , we
have
e
s−t
2M
p
p−1 6 e−
tε
′
2M
p
p−1
, thus Ψ dereases esponentially as s approahes to
∞. On the other hand, if s ∈ Dε′2 , we have only s − t 6 s0 + R and so
Ψ . s
p−2
p−1
is an inreasing funtion on Dε
′
2 as s→∞. So, modulo a positive
onstant, we an estimate the integral of Ψ on {|s − s0| 6 t+R} with its
integral on Dε
′
2 (we onsider t, and hene s, suiently large):
F1(t) . U(t)
(∫
Dε
′
2
s
p−2
p−1 ds
) p−1
p
.
But Dε
′
2 ⊂ [t − tε
′
, t + s0 + R]; moreover, for β > α > 1 and γ 6= −1, we
have ∫ β
α
sγ ds . (β − α)αγ ,
hene
F1(t) . U(t)
(∫ t+s0+R
t−tε′
s
p−2
p−1 ds
) p−1
p
. U(t)(t+R)
ε′ p−1
p (t+R)
p−2
p .
Remembering that F1(t) & ε, setting ε0 = ε
′(p− 1) and taking the power
p in both members, we get
(3.45) U(t)p & εp(t+R)2−p−ε0 ;
this is the rst part of estimate (3.13). Let note that argueing as in the proof
of lemma 3.2 to obtain (3.28), we get F0(t) & ε
p(t+R)a > 0 in [0, T1[ and
then in [0, T [.
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To get the other part of (3.13), we estimate F0:
F0(t) =
∫
R
vψ0 ds
=
∫
|s−s0|6t+R
(
f
1
p vψ0
1
p
)(
f
− 1
pψ0
p−1
p
)
ds
6
(∫
R
f |v|pψ0 ds
) 1
p
(∫
|s−s0|6t+R
f
− 1
p−1ψ0 ds
) p−1
p
. U(t)
(∫
|s−s0|6t+R
(1 + |s|)2 ds
) p−1
p
. U(t)(t+R)
3(p−1)
p ;
taking the power p in both sides gives
(3.46) U(t)p & (t+R)−3(p−1)F0(t)
p,
and ombining this inequality with (3.45), we nally obtain needed estimate
(3.13).
We set T1(ε) = e
C0/ε
, C0 > 0, and s0(ε) = −(1 + δ1)T1(ε) − R, with
δ1 ∈]0, 1[ suh that δ1 < M ; thanks to this hoie, relation (3.16) holds,
hene it remains to prove estimate (3.17) in [0, T1[.
To begin, let observe that if t ∈ [0, T1[, supp v ⊂ {s < 0}, sine s 6
s0 + T1 +R = −δ1T1, thus we an onsider only the negative part in (3.43)
and (3.44).
Realling what done to get (3.15), we obtain
∫
vW > −U(t)
(∫
|s−s0|6t+R
(fψ0)
− 1
p−1W
p
p−1
) p−1
p
& −U(t)
(∫
e
s
2M
p−2
p−1 ds
) p−1
p
& −U(t) e
s0+T1+R
2M
p−2
p = −U(t) e−δT1 ;
so, if we set
δ
.
=
δ1(p− 2)
2Mp
∈]0, 1[,
from (3.39) we nally dedue
F ′′0 (t) & U(t)
p − e−δT1 U(t),
whih is estimate (3.17). So we an apply lemma 3.2 and get that F0 blows
up in nite time.
Now, onsidering the asymptoti behaviours of ψ0, we obtain
ψ0(s) .
{
1 + s if s > 0
e
s
2M
if s < 0
}
. 1 + |s|
and hene, thanks to the CauhyShwartz inequality, we dedue
F0(t) .
∫
|s−s0|6t+R
(1 + |s|)|v(t, s)| ds . (t+R)3/2||v(t)||L2(R).
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Thus also v blows up in nite time and this onludes the proof, assuming
the statements of the following setion.
4. Blow up with small initial data for p ∈]1, 2]
First of all, we onsider the ase p ∈]1, 2[; we want to apply the lassial
Kato's lemma 3.1 with q = 3(p − 1) and a = 4 − p − ε0, where ε0 > 0
suiently small. In partiular, we assume
(4.1) ε0 < 2− p.
In this way, the relation (p − 1)a > q − 2 is true also for p ∈]1, 2[.
We also assume that s0 > 0 is very far from the blak hole (in partiular
(3.5) still holds) and we onsider only the region R
+ .= {s ∈ R3 ; s >
0}. In this region, estimates (3.15) and (3.45) still hold and thanks to our
assumptions, (3.45) implies that denitely U(t) > 1, i.e.
F ′′0 (t) & U(t)
p & εp(t+R)2−p−ε0 .
Integrating twie, we get
F0(t) & ε
p(t+R)4−p−ε.
But also (3.46) still holds, hene we have
F ′′0 (t) & (t+R)
−3(p−1)F0(t)
p,
and so we an apply the lemma, provided the solution lives in R
+
. But this
is true, sine
U(t) & ε(t+R)
2−p−ε0
p > 1
if and only if
t+R >
(
1
ε
) p
2−p−ε0
and the quantity in the right side is polinomial in ε, while ondition (3.5)
guarantees that s0(ε) inreases more rapidly than every polinomial as ε→ 0;
moreover, also T (ε) is polinomial in ε, hene
s > s0(ε)− t−R > s0(ε)− T (ε)−R > 0.
It remains to onsider the ase p = 2. In this situation, we do not need
any hypothesis on s0(ε).
5. Appendix
Our rst step in this setion is to onsider the problem
(5.1)


−ϕ′′(s) +H(s)ϕ(s) = 0 s ∈ R,
|ϕ(s) − bs| . log(2 + s) for s > 0,
0 < ϕ(s) . 1 for s < 0,
where the potential H(s) is assumed to satisfy
(5.2) 0 < H(s) . (1 + |s|)−a
for some a > 3. Our rst result is the following.
18 DAVIDE CATANIA AND VLADIMIR GEORGIEV
Lemma 5.1. There exists a real number b > 0 suh that the problem (5.1)
has a positive solution ϕ0 ∈ C2(R) suh that the limit
D = lim
s→−∞
ϕ0(s)
exists, D > 0 and the following relation
(5.3) ϕ0(s)−D ∼ |s|2−a for s→ −∞
holds.
Proof. Consider the Cauhy problem
(5.4)
{ −y′′(s) +H(s)y(s) = 0 s ∈ R,
y(0) = 1, y′(0) = 0.
This Cauhy problem has a unique solution y(s) ∈ C2(R). A qualitative
analysis of the equation and the assumption H(s) > 0 show that the solution
satises
y′(s) > 0 for s > 0,
y′(s) < 0 for s < 0,
and hene
y(s) > 1
for all real s.
One an rewrite problem (5.4) in the form of the following integral equa-
tion
(5.5) y(s) = 1 + I(y)(s),
where
(5.6) I(y)(s) =
∫ s
0
∫ σ
0
H(ϑ)y(ϑ) dϑ dσ =
∫ s
0
(s− ϑ)H(ϑ)y(ϑ) dϑ.
We shall show that
|y(s)− d+s| . log(2 + s) for s > 0,(5.7)
|y(s)− d−s| . log(2 + |s|) for s < 0,(5.8)
where
d± =
∫ ±∞
0
H(ϑ)y(ϑ) dϑ.
The assumption (5.2) shows that the integral operator I(y)(s) is well
dened and satises the estimate
(5.9) 0 6 I(y)(s) 6 s
∫ s
0
H(ϑ)y(ϑ) dϑ;
hene (5.5) implies the inequality
(5.10) y(s) 6 1 + s
∫ s
0
H(ϑ)y(ϑ) dϑ.
Now, let onsider the ase s > 0. The previous inequality yields
(5.11) y(s) 6 1 + s
∫ ∞
0
H(ϑ)y(ϑ) dϑ = 1 + d+s.
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On the other hand, ombining (5.5) and (5.11), we get
y(s)− 1− d+s = s
∫ ∞
0
H(ϑ)y(ϑ) dϑ − s
∫ ∞
s
H(ϑ)y(ϑ) dϑ
−
∫ s
0
ϑH(ϑ)y(ϑ) dϑ − d+s
= −s
∫ ∞
s
H(ϑ)y(ϑ) dϑ −
∫ s
0
ϑH(ϑ)y(ϑ) dϑ
& −s
∫ ∞
s
dϑ
(1 + ϑ)a−1
−
∫ s
0
dϑ
(1 + ϑ)a−2
.
But, for eah a > 3, we have also∫ ∞
s
dϑ
(1 + ϑ)a−1
. (1 + s)2−a,∫ s
0
dϑ
(1 + ϑ)a−2
. log(2 + s),
and thus we dedue
y(s)− 1− d+s & − log(2 + s).
From this equation and (5.11), we nally obtain the preise asymptoti esti-
mate (5.7). Analogously, we get the parallel result for s < 0. It is important
to note that d+ > 0 and
d− = −
∫ 0
−∞
H(ϑ)y(ϑ) dϑ < 0.
In a similar way, we an onsider the Cauhy problem
(5.12)
{ −z′′(s) +H(s)z(s) = 0 s ∈ R,
z(0) = 0, z′(0) = 1.
Obviously, this Cauhy problem has a unique solution z(s) ∈ C2(R). The
assumption H(s) > 0 guarantees that the solution satises
z′(s) > 0 ∀s ∈ R,
so
z(s) > 0 for s > 0
and
z(s) < 0 for s < 0.
The integral equation (5.5) has to be replaed by
(5.13) z(s) = s+ I(z)(s)
and the argument given in the proof of estimates (5.7) and (5.8) leads to
|z(s) − e+s| . log(2 + s) for s > 0,(5.14)
|z(s) − e−s| . log(2 + |s|) for s < 0,(5.15)
(5.16)
where
e± = 1 +
∫ ±∞
0
H(ϑ)z(ϑ) dϑ.
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Note that e+ > 0 and
e− = 1−
∫ 0
−∞
H(ϑ)z(ϑ) dϑ > 0.
Setting
ϕ(s) = e−y(s)− d−z(s), b = e−d+ − d−e+ > 0,
we take advantage of (5.8) and (5.15), and onlude that
(5.17) |ϕ(s)| . log(2 + |s|) for s < 0,
while from (5.7) and (5.14), we dedue
(5.18) |ϕ(s) − bs| . log(2 + s) for s > 0.
To improve estimate (5.17), we note that ϕ(s) satises the integral equa-
tion
(5.19) ϕ(s) = ϕ(0) + sϕ′(0) + I(ϕ)(s).
As before, we have (for any s < 0)
ϕ(s)− ϕ(0) − ϕ′(0)s = −s
∫ 0
−∞
H(ϑ)ϕ(ϑ) dϑ + s
∫ s
−∞
H(ϑ)ϕ(ϑ) dϑ
+
∫ 0
−∞
ϑH(ϑ)ϕ(ϑ) dϑ −
∫ s
−∞
ϑH(ϑ)ϕ(ϑ) dϑ(5.20)
and then a ombination between (5.17) and the assumption (5.2) implies
(5.21) s
∫ s
−∞
H(ϑ)|ϕ(ϑ)| dϑ . (1 + |s|)2−a log(2 + |s|) . 1,
(5.22)
∫ s
−∞
ϑH(ϑ)|ϕ(ϑ)| dϑ . (1 + |s|)2−a log(2 + |s|) . 1,
so (5.20) yields ∣∣∣∣ϕ(s)−
(
ϕ′(0)−
∫ 0
−∞
H(ϑ)ϕ(ϑ) dϑ
)
s
∣∣∣∣ . 1.
Comparing this estimate with (5.17), we see that
ϕ′(0)−
∫ 0
−∞
H(ϑ)ϕ(ϑ) dϑ = 0;
so, setting
(5.23) D = ϕ(0) +
∫ 0
−∞
ϑH(ϑ)ϕ(ϑ) dϑ,
we use (5.20), (5.21), (5.22) and we arrive at
(5.24) |ϕ(s)| . 1 for s < 0
and (5.3).
The funtion ϕ(s) is obviously positive near s = 0. Moreover, for s > 0,
ϕ(s) inreases and is positive. It is easy to show that ϕ(s) > 0 for all s < 0.
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Indeed, if ϕ(s0) < 0 for some s0 < 0, then ϕ(s1) < 0, ϕ
′(s1) > 0 for some
s1 < 0, thus the equation
ϕ′′(s) = H(s)ϕ(s)
implies that
ϕ(s) < 0, ϕ′(s) > 0, ϕ′′(s) < 0 for s < s1.
This ontradits (5.24) and shows that ϕ(s) > 0 for all s < 0.
The positiveness of D follows from the fat that ϕ(0) > 0, ϕ(s) > 0 for
all s ∈ R and (5.23).
To omplete the proof, let observe that we have indeed ϕ > D (thus ϕ ∼ 1
as s→ −∞ and ϕ > 0 in R), sine
ϕ(s)−D =
∫ s
−∞
(s− ϑ)H(ϑ)ϕ(ϑ) dϑ > 0;
from this relation and (5.2), we also get
ϕ(s)−D ∼
∫ s
−∞
s− ϑ
(1 + |ϑ|)a dϑ ∼ |s|
2−a
for s→ −∞
and this prove (5.3). 
Lemma 5.2. There exists a positive funtion ϕ0 ∈ C2(R) suh that Gϕ0 = 0
in R and for some positive onstants b and D we have{ |ϕ0(s)− bs| . log(2 + |s|) for s > 0,
ϕ0(s)−D ∼ es/2M for s→ −∞.
Proof. Let ϕ satisfy
ϕ′′(s)− 2MF
r(s)3
ϕ(s) = 0.
Using the asymptoti estimates (2.7), (2.8) of lemma 2.1, we nd
(5.25)
F
r3
∼
{
s−3 if s→∞,
es/(2M)
if s→ −∞
and the laim follows from the argument of the proof of the previous lemma
(with a = 3). The main modiation onerns relation (5.21). In fat the
asymptoti expansion (5.25) for s < 0 implies that
ϕ(s)−D =
∫ s
−∞
(s− ϑ)H(ϑ)ϕ(ϑ) dϑ
∼
∫ s
−∞
(s− ϑ) eϑ/2M dϑ = e
s/(2M)
4M2
(5.26)
as s→ −∞, and this leads to
ϕ0(s)−D ∼ es/2M for s→ −∞.
The rest of the laim follows diretly from the assertion of the previous
lemma. 
Now we state a orollary of the Levinson's theorem (see [7℄, page 49,
hapter 2 5.4), whih we shall apply to get the estimate for ϕ1.
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Proposition 5.1. Consider the equation
(5.27) y(n) +
n∑
k=1
αk(s)y
(n−k) = 0, s ∈ R+,
where αk(s) ∈ C∞(R+) are omplexvalued funtions suh that
αk(s) = βk + γk(s),
∫
R+
|γk(s)| ds <∞,
and let q1, q2, . . . , qn be the distint roots of the equation
qn +
n∑
k=1
βkq
n−k = 0.
Then equation (5.27) has n linearly independent solutions
yj(s), j = 1, 2, . . . , n,
having the asymptoti expansion
y
(k−1)
j (s) = q
k−1
j e
qjs[1 + o(1)] as s→∞,
where j, k = 1, 2, . . . , n.
Lemma 5.3. Given any A > 0, the equation
(5.28) (G+A2)ϕ(s) = 0, s ∈ R
admits a positive solution ϕ1 ∈ C2(R) suh that ϕ1(s) ∼ eAs as |s| approahes
∞.
Proof. Aording to proposition 5.1 and relation (5.25), there exists a
solution ϕ1 of (5.28) suh that ϕ1(s) ∼ eAs as s→ −∞. From
ϕ′′1 =
(
2MF
r3
+A2
)
ϕ1,
2MF
r3
+A2 > 0
and a qualitative study, we get
(5.29) ϕ′′1(s) > 0 and thus ϕ1(s) > 0, ϕ
′
1(s) > 0
for eah s ∈ R. Now, from Proposition 5.1 for s→ +∞, we dedue ϕ1(s) ∼
λ eA s + µ e−As for suitable λ, µ ∈ R and s → +∞. The property (5.29)
guarantees that λ > 0, so it is neessarily ϕ1(s) ∼ eAs for s→ +∞ and the
proof is nished. 
Lemma 5.4. Let F1 be dened as in (3.6). Then F1(t) & ε holds for all
t > 0.
Proof. We multiply the equation (2.19) by ψ(t, s)
.
= e−t/2M ϕ1(s) and
integrate over R in s and over [0, τ ] in t:∫ τ
0
∫
R
(
vtt − vss + 2MF
r(s)3
v
)
ψ ds dt =
∫ τ
0
∫
R
f |v|pψ ds dt.
Note that the initial data in (2.19) are ompatly supported due to (2.20)
and a nite dependene domain argument for the equation (2.19) implies
that v(t, s) has ompat support in s for t bounded. Further, we have the
following regularity assumption
v ∈ ∩2k=0Ck([0, T [; H2−k(R))
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for the solution of (2.19), so we an apply an integration by parts argument
and obtain
−
∫ τ
0
∫
R
v
(
ψtt − ψss + 2MF
r(s)3
ψ
)
ds dt+
∫ τ
0
∫
R
f |v|pψ ds dt
=
∫
R
(vtψ − vψt) ds
∣∣∣
t=τ
−
∫
R
(vtψ − vψt) ds
∣∣∣
t=0
.
The right side of this equality an be rewritten as∫
R
(vtψ − vψt) ds
∣∣∣
t=τ
−
∫
R
(vtψ − vψt) ds
∣∣∣
t=0
=
∫
R
(vtψ + vψt) ds
∣∣∣
t=τ
− 2
∫
R
vψt ds
∣∣∣
t=τ
−
∫
R
e−t(vtϕ1 + vϕ1) ds
∣∣∣
t=0
=
d
dτ
∫
R
vψ ds+ 2
∫
R
vψ ds−
∫
R
(v0 + v1)ϕ1 ds
due to the property ψt = −ψ/2M. The relation
ψtt − ψss + 2MFr(s)−3ψ = e−t/2M
(
G+
1
4M2
)
ϕ1 = 0
implies
−
∫ τ
0
∫
R
v
(
ψtt − ψss + 2MF
r(s)3
ψ
)
ds dt = 0;
so, being
F1(t) = e
−t/2M
∫
R
v(t, s)ϕ1(s) ds,
we arrive at
F ′1(τ) + 2F1(τ) =
∫ τ
0
∫
R
f |v|pψ ds dt+
∫
R
(v0 + v1)ϕ1 ds.
The right side of this identity is greater than ε multiplied by a positive
onstant (sine ϕ1 > 0 and
∫
vj ds > ε, j = 0, 1), so we get
F ′1(τ) + 2F1(τ) & ε.
Now, we multiply both sides by
e2τ
obtaining
d
dτ
(
e2τ F1(τ)
)
& e2τ ε
and integrating on τ ∈ [0, t] we dedue
e2t F1(t) & F1(0) + ε(e
2t−1),
namely
F1(t) & F1(0) e
−2t+ε− ε e−2t & ε,
beause F1(0) =
∫
v0ϕ1 > 0. 
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